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Nomenclature

a = lift slope
C = damping coefficient
Cd = drag coefficient
c = chord length of the wing
�c = mean chord length
F = tension of the thread
f = flapping frequency
g = gravitational acceleration
h = distance between the tip path plane and the center

of gravity
I = moment of inertia of the total system (i.e., the

flapping-wing aircraft, suspension bar, and
counterbalancing weights)

K = a constant in Eq. (2)
L = rolling moment
Lp = roll damping of the flapping-wing aircraft
l = distance between the two threads used to suspend a

bar attached to the X-flapping-wing aircraft
ls = length of each of two threads used to suspend a bar

attached to the flapping-wing aircraft
M = pitching moment
Mq = pitch damping of the flapping-wing aircraft
m = total mass of the flapping-wing aircraft, suspension

bar, and counterbalancing weight
ma = mass of the flapping-wing aircraft
mw = mass of one wing
N = yawing moment
N �r = yaw damping of the flapping-wing aircraft
P = cycle period of rotation
p = roll rate
q = pitch rate
R = wing length
r = spanwise position
r = yaw rate
Sw = area of one wing
t = time
T = thrust
vi = induced velocity
� = flapping angle
�0 = mean flapping angle
�� = amplitude of flapping motion
� = rotational angle
�0 = initial rotational angle

�� = amplitude of the rotational motion
� = feathering angle
�� = amplitude of feathering motion
� = density of air
� = angle of the thread measured from the vertical

direction of the gravitational force

Subscripts

1, 2 = cases 1 and 2, respectively
right, left = right and left wing, respectively
u, l = upper and lower wing, respectively

Introduction

R ECENTLY, centimeter-sized flapping-wing micro air vehicles
have been studied [1–4]. The motivation of these studies is

probably that a flapping wing is successful in nature for creatures on
this scale. The University of Toronto [5] and Aerovironment∗

developed flapping-wing micro air vehicles that can hover. The
stability of the attitude is the most important requirement for a
hovering flapping-wing air vehicle. In this study, we measured the
three major indicators of vehicle stability for a flapping-wing aircraft
while hovering: roll, pitch, and yaw damping. Figure 1 shows the
axes of rolling, pitching, and yawing motions. For a hover flight, the
axes are defined so that the tip path plane is horizontal. In addition,
equations for the roll, the pitch, and the yaw damping are established
and the values from the equations were compared with the experi-
mental ones.

Experiments

Flapping Aircraft Used in the Experiment

A toy model ornithopter (R/C Dragonfly, Wow Wee Corp.)† was
used in the measurements (Fig. 1). Table 1 lists the physical
characteristics of this flapping-wing aircraft, which has two pairs of
wings arranged in an X configuration. Each wing is made of two
carbon spars and a vinyl sheet and has a schematic planform (Fig. 2).
Note that only one carbon spar is connected to the wing hub and the
other is not connected to the previous carbon spar and the wing hub.
The four wings flap on one plane, and the flapping motion of the left
and the right wings are symmetric about the center plane. The
flapping and feathering motions are expressed by

�� �0 �
��

2
cos�2�ft�; �� �

2
�

��

2
sin�2�ft� (1)

The values of �0, ��, and �� of the upper and lower wings are shown in
Table 1.When t� 0,�l � �u. The upper and lower wings generate a
clap-flingmotion [6]. The distance from point O to theflapping plane
swept by the spars on leading edge h was 12 cm.

Figure 3a shows the time variation in the feathering angle of upper
wing �u when f� 9:2 Hz and 7.1 Hz. Figure 3b schematically
defines �u and �l based on view A in Fig. 1. �u and �l were measured
at midspan, and �l � � � �u. When the roll, pitch, and yaw damping
wasmeasured, as indicated in Table 2, the values of f are between the
two values of f in Fig. 3a.
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Experimental Apparatus

Figure 4 shows the experimental apparatuses. The bar was
suspended by two threads of length ls � 800 mm and distance l apart
(Table 2). The flapping aircraft was attached on the bar. The bar was
placed along the Y and Z axes to measure the roll/yaw and pitch
damping, respectively. Note theX andZ axeswere vertical, when the
roll and yaw damping was measured, respectively. The center of the
bar is in accordance with point O on the flapping-wing aircraft.

The roll, pitch, and yaw damping of the flapping-wing aircraft was
measured as follows: the rotational angle of bar�was set by hand at
�0 around theX, Y, andZ axes for measuring the roll, pitch, and yaw
damping, respectively. Weights were then mounted as a counter-
balance at certain positions along the bar so that point O did notmove
when the bar was rotated about the rotational axis, which is through
point O.

When the bar was released by hand, the bar with the attached
flapping-wing aircraft started rotating around the X, Y, and Z axes.
Time variation in � was determined based on the images of these
rotational motions obtained by video camera. The measurements for
each damping were just taken for two cases of motion: 1) case 1,
when the wings made flapping motions, and 2) case 2, when the
wings were folded and the wing area was thus close to 0. The
damping due to the flapping wings was obtained by comparing the
results for cases 1 and 2.

Analysis of Experimental Results

The dynamics of the rotational motion of the bar with the flapping-
wing aircraft were evaluated as follows. When �, �� 1, the
following equation of motion is obtained:

I ��� C _�� �mg� KT�l
2

4ls
�� 0 (2)

whereK is a parameter that is 1 for case 1 of the measurement of the
yaw damping and 0 in all other cases.

The solution of Eq. (2) is given by
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With obtained��t�, the value of �C=2I and the period of rotational
motion P � 4�I=

����������������������������������������������������
�C2 � Il2�mg� KT�=ls

p
can be obtained.

Then thevalues ofC and I can be estimated from thevalues of�C=2I
and P.

Theory

Here the equations for roll, pitch, and yaw damping by one pair of
right and left wings are established, based on the blade element
theory. During the downstroke, the aerodynamic moments around
the X axis acting on the right and left wings due to rolling motion p
are given, respectively, by

Fig. 1 Schematic of X-flapping-wing aircraft (R/C Dragonfly, toy

model ornithopter, Wow Wee Corp.), showing rolling, pitching, and

yawing axes and flapping angles �u and �l .

Table 1 Physical characteristics of X-flapping-wing aircraft

Items Values

Mass of aircraft, ma, g 23.9
Number of wings, b 4
Wing length, R, cm 20.5
Averaged chord length of wing, �c, cm 7.7
Mass of wing, mw, g 1.06
Area of wing, Sw, m

2 1:57 	 10�2

Flapping angle of upper wing, �u 25:0
 � 20:4
 cos�2� ft�
Flapping angle of lower wing, �l �16:5
 � 21:1
 cos�2� ft�

Fig. 2 Planform of wing for X-flapping-wing aircraft.
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and 7.1 Hz; b) definition of feathering angle based on view A in Fig. 1.
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On the other hand, during the up stroke, they are given by
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The aerodynamic moment due to one pair of wings, which is
averaged during one cycle, is given by

L��p�aj ��jf �cR
4

2
(6)

Here, it is assumed that �r _��2 � �pr� vi�2 ’ �r _��2. Then roll
damping is

Lp ���aj ��jf �c
R4

2
(7)

During the downstroke, the aerodynamic moments around the
Y axis acting on the right and left wings due to pitching motion q are
given by
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On the other hand, during the up stroke, they are given by
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The aerodynamic moment due to one pair of wings, which is
averaged during one cycle, is given by
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Here, it is assumed that �r _�� hq�2 � ��qr sin�� vi�2 ’
�cr _�� hq�2. Therefore, pitch damping is
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When the wing motion is not symmetrical about Y-Z plane, that is,
�0 ≠ 0, the second term in Eq. (11) is not equal to zero. In the present
experiments, pitchingmotion is periodic. The time-averaged value of
Mq, which is obtained in this experiment, is

Mq ��
�

2
a �cR4f

�
j ��j�2

0 �
��3

12

�
(12)

During the downstroke, aerodynamic moments around the Z axis
acting on the right and left wings due to yawing motion �r are,
respectively, given by
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0
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(13)

Here, Cd is assumed to be a constant. And it is assumed that

v2i < r
2� _�� �r�2 and v2i < r2�� _�� �r�2 for the right and left wing,

respectively. Then, the yawingmoment due to lift acting on the wing
can be ignored. During the up stroke, aerodynamic moments around
the Z axis acting on the right and left wings due to yawing motion �r
are, respectively, given by
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(14)

The aerodynamic moment due to one pair of wings, which is
averaged during one cycle, is given by

N �� �r�Cd �cR4fj ��j (15)

Table 2 Experimental parameters and measured roll, pitch, and yaw damping for X-flapping-wing aircraft

f, Hz T, N m, kg l, m P, sec I, kgm2 C, Nms Damping, Nms

roll 8.4 0.22 0.31 0.3 P1 � 1:2 I1 � 3:07 	 10�3 C1 � 1:47 	 10�3 Lp ��1:37 	 10�3

P2 � 1:2 I2 � 3:08 	 10�3 C2 � 1:00 	 10�4

pitch 7.4 0.18 0.38 0.3 P1 � 1:1 I1 � 3:38 	 10�3 C1 � 8:08 	 10�4 Mq ��7:32 	 10�4

P2 � 1:1 I2 � 3:29 	 10�3 C2 � 7:63 	 10�5

yaw 7.2 0.15 0.25 0.56 P1 � 1:0 I1 � 6:60 	 10�3 C1 � 2:61 	 10�3 N �r ��2:38 	 10�3

P2 � 1:1 I2 � 6:75 	 10�3 C2 � 2:31 	 10�4

Fig. 4 Experimental apparatus; this figure shows how the aircraft is

suspended for measuring yaw damping.
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Then yaw damping is

N �r ���Cd �cR4fj ��j (16)

Results

Figures 5–7 show the time variations in amplitude �� of the roll,
pitch, and yawangle, respectively. Thevalues of�C=2I are shown in
the equations ( ����0 expf��C=2I�tg) indicated in these figures.
Table 2 shows the values of f, T,m, and l used in the measurements.
The values ofC and I (Table 2) were obtained based on the values of
�C=2I in Figs. 5–7 and those of P in Table 2. In the measurements,
I1 � I2. These results suggest that the moment of inertia of thewings
was much smaller than that of the total system. The values of

��C1 � C2� indicate the roll, pitch, and yaw damping due to the
flapping wings: Lp,Mq and Nr, respectively.

Table 3 compares roll, pitch, and yaw damping between the
measurements and the analysis.

In the calculations of roll and pitch damping, lift slope a was
assumed to be 2.5, so that the differences between the experimental
damping and the theoretical ones are small. Similarly, in the
calculation of yaw damping, drag coefficient Cd was assumed to be
1.4. These assumed values include the error from the approximations
for obtainingEqs. (7), (12), and (16).Note that the induced velocity is
not in these equations.

Conclusions

Equations for the roll, pitch, and yaw damping of a flapping-wing
aircraft while hovering are established, based on the blade element
theory. The roll, pitch, and yaw damping of an X-flapping-wing
aircraft while hovering was measured. Comparisons between
experimental and theoretical values showed the small differences.
Note that the lift slope and drag coefficient were assumed to be 2.5
and 1.4, respectively.

The Lock number [7] of the wings of the flapping-wing aircraft is
70.6. This value, which is much larger than that of a helicopter,
reflects the small mass of the flapping wing. Wings with such small
Lock numbers cannot be used as a helicopter rotor. In our analysis,
we ignored the deformation of the wings out of the stroke plane
because the carbon spar on the leading edge is so rigid that its bending
deformation is small. This is different from the roll and pitch
damping of a helicopter that strongly depends on the deformation/
motion of awing out of the stroke plane (for a helicopter, this plane is
called the tip path plane), which is called the flapping motion for a
helicopter.
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Fig. 5 Measured roll angle of X-flapping-wing aircraft.
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Fig. 6 Measured pitch angle of X-flapping-wing aircraft.

0

2

4

6

8

10

12

14

0 5 10 15 20 25 30 35

A
m

pl
itu

de
 o

f 
ya

w
 a

ng
le

,  
   

   
(d

eg
)

Θ-

Time,    (sec)t

Case1

Case2

=11.4exp(-0.0171t)Θ
-

=12.6exp(-0.108t)Θ-

Fig. 7 Measured yaw angle of X-flapping-wing aircraft.

Table 3 Comparison of roll, pitch, and yaw damping between

measurements and analysis

Damping obtained
by measurements, Nms

Damping obtained
by analysis, Nms

Roll Lp ��1:4 	 10�3 Lp ��2:5 	 10�3

Pitch Mq ��7:3 	 10�4 Mq ��3:9 	 10�4

Yaw N �r ��2:4 	 10�3 N �r ��2:4 	 10�3
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